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O ! We study classical solutions of A/ = 4 super Yang-Mills theories that are invariant 
^ I under 1/4 of the supersymmetry generators. Expressions for the mass and electric 
O ■ charge of the configurations are derived as functions on the monopole moduli space. 
^ ■ These functions also provide a method of determining the number of normalisable 
bosonic zero modes. 
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Introduction 

The realisation of field theories as the low-energy world- volume dynamics of configu- 
rations of branes in type II string theory and M-theory has led to simple geometrical 
explanations of many field theoretic phenomena. The archetypal example is that of 
Af = 4 super Yang-Mills which is the world-volume theory of D3-branes. On the 
Coulomb branch, {p, q) strings stretched between each pair of D3-branes correctly 
reproduces the expected field theory spectrum of electric, magnetic and dyonic 1/2- 
BPS states []I|. For three or more D3-branes however, there exists the possibility 
of suspending between them networks of (p, q) strings constructed from three-string 
junctions 0. If the D3-branes are planar then such networks preserve 1/4 of the 
space-time supersymmetry [Q, ^, |^ and correspond to dyonic 1/4-BPS states of the 
Yang-Mills theory P, |^ thus leading to a much richer spectrum of BPS states than 
previously suspected for gauge groups of rank greater than one. The distinctive 
signature of such states is that the magnetic and electric charge vectors are not par- 
allel [|, |[. These states persist at weak coupling in the field theory where they are 
amenable to standard semi-classical analysis and, in particular, one expects classical 
solutions with non-parallel magnetic and electric charges to exist. 

The equations of motion governing such 1/4-BPS configurations consist of the 
usual monopole Bogomol'nyi equation, together with a second order equation for an 
adjoint scalar field derived from Gauss' law. Explicit solutions to these equations 
were first given in j^, |T0| using a spherically symmetric ansatz. For the special case 
of the (1, 1) dyon of S'f/(3) gauge group, solutions have also been found using Nahm 



data |]TI[. Moreover, as we shall review below, the authors of ||Tl[ also demonstrated 
that the space of gauge invariant 1/4-BPS solutions with given magnetic charge is 
determined by the moduli space of 1/2-BPS monopole solutions of the same charge. 
These monopole moduli spaces have been studied extensively in the past and many 



of their properties are understood [|T2[. However, although the existence of 1/4-BPS 
solutions can be shown, little else is known about these configurations. In particular, 
neither the mass nor electric charge can be determined without an asymptotic solution 
to Gauss' law. 

In this note, we derive an expression for both the mass and electric charge of 
1/4-BPS states as a function over the monopole moduli space. The former is shown 
to be equal to the norm squared of a particular Killing vector on the moduli space. 
We demonstrate this technique using the (1, 1) dyon of 5'f/(3) as an example and 



reproduce the results of [[T^]. Finally, we discuss the moduli space relevant to the 
low-energy dynamics of these 1/4-BPS states. The existence of non-normalisable 
zero-modes means this space differs from the moduli space of solutions. We use the 
expression for the electric charge to determine the number of normalisable bosonic 
zero modes. As this work was completed, the preprint [J13l appeared, where the 



number of normalisable bosonic zero modes is also calculated, togther with the nor- 



malisable fermionic zero modes. 



Bogomol'nyi Equations 



We start by reviewing tlie derivation of the Bogomol'nyi equations [^ |r^, |T1[] in A/" = 4 
super Yang-Mills theories with arbitrary simple gauge group, Q. It is simple to show 



TT[] that preservation of 1/4 supersymmetry requires four of the scalar fields to vanish, 
reflecting the fact that the corresponding BPS string network is planar. Our starting 
point is therefore the theory with only two real adjoint scalars and the configurations 
we discuss will also be solutions of the theory with M = 2 supersymmetry. The 
bosonic Hamiltonian reads, 



H = iTiJd'x {{E,y + (5,)2 + {Vohy + (^002)' + {Vihf + {n 



•iCf>2f -e^[4>i,(t)2?] 



where i = 1, 2, 3 is a spatial index and e is the Yang-Mills coupling constant. As 
usual, the Bogomol'nyi equations are derived by completing the square. Defining, 

a = cos a 01 — sin a 02 

b = sin a 01 + cos a 02 (1) 

for some angle a, the Hamiltonian may be rewritten as, 

H = \i:i j d?x [{E,-V,af + {B,-V,hf + {V^af + {V^hf 

- e^[a, hf + 2EiVia + 2BiVih^ 

= \i:i j d?x [{E,-V,af + {B,-V,hf + {V^af (2) 

+ {Vob - ze[a, h]f + 2d, {aEi + bBi)} 
> a- q + b ■ g 

where q and g are the electric and magnetic charges respectively. Both are vectors 
of dimension r = rank (Q). The vacuum expectation value (VEV) of a is taken to lie 
in the Cartan subalgebra, (a) = a- H, with a similar expression for b. Converting the 
last two terms of the first line of (^ to surface integrals requires use of the Bianchi 
identity, ViBi = 0, together with the equation of motion for Aq, usually referred to 
as Gauss' law, 

ViEi = ie[a, VqoI + ie[b, V^b] . (3) 

The inequality (0) is saturated by time-independent solutions {do = 0) with the time- 
component of the gauge field given by Aq = —a and the remaining gauge fields and 
adjoint scalar, b, determined by the usual Bogomol'nyi equation, 

B, = Vib. (4) 



Finally, Gauss' law requires the adjoint scalar, a, to obey, 

V^a-e^[b,[b,a]] = . (5) 

Maximising the Hamiltonian bound (]^) with respect to the parameter a yields the 
equality a ■ g = b ■ q. This equation is automatically satisfied by any solution to (H) 
and (I) as can be seen by a simple integration by parts. 

When the electric charge vector, q, is parallel to the magnetic charge vector, g, 
the resulting configuration is a dyon solution which breaks 1/2 of the supersymme- 
try generators. The spectrum of such states has been exhaustively investigated over 
the past few years. When the electric and magnetic charge vectors are not parallel 
however, the configuration breaks 3/4 of the supersymmetry generators [^ . Such con- 
figurations correspond to three-string junctions |P, |^ and determining the spectrum 
of states in the field theory remains an open problem. 

Solutions to (^ have been studied in great detail. The VEV b selects r simple 
rootsQ, /3^, a = 1, . . . , r. Topological considerations require the magnetic charge 
vector to be a linear combination of the co-roots: g = (47r/e) J2a^°'(^a^ ^^^ integers 
n". The moduli space, Aig, of gauge independent, purely magnetic solutions with 



magnetic charge, g and mass b ■ g, has dimension m = 4X)a^'^ IHI- Let X^, p = 
1, . . . ,m, denote coordinates on A^g. Tangent vectors are identified with zero modes, 
{SpAi, 6pb), given by solutions to the hnearised Bogomol'nyi equation together with a 
suitable gauge fixing condition, taken to be background gauge, 

(^ijkl^jSpAk - ViSpb + ie[6pAi, b] = 

Vi6pAi - ie[b, 6pb] = . (6) 

The overlap of zero modes defines a natural, complete, hyperKahler metric on TWg 
given by, 

gp, = TiJ d^x {6pAi 6gAi + 6pb 5^b) . (7) 

A subset of these zero modes are generated by bosonic symmetries of the vacuum 
which are broken by the monopole configuration, specifically translational, rotational 
and global abelian gauge symmetries. It is simple to see that each of these broken 
symmetries results in an isometry of the metric Qpq and the corresponding zero modes 
are Killing vectors. Of particular interest will be the h < min(r7i/4, r) isometrics 
generated by large gauge transformations of the form 

6^,t.Ai = Vie ; 6g,t.b = -ie[b, e] (8) 



^We assume b lies strictly within a Weyl chamber. This is stronger than the usual requirement 
that the gauge group is broken to its maximal torus 



where the gauge parameter e does not tend asymptotically to zero but to some el- 
ement, e ■ H, of the Cartan subalgebra. Such deformations automatically solve the 
linearised Bogomol'nyi equation but are zero modes only if they simultaneously sat- 
isfy the background gauge fixing condition (^. This requirement is recognised as 
equivalent to the equation of motion for the adjoint scalar a (^). The existence of a 
unique zero mode for each element of the Cartan subalgebra broken by the monopole 
configuration ensures a unique solution to (|^) for each VEV a [^. Therefore, M.^ is 
also the moduli space of 1/4-BPS dyon configurations. 

A Potential on the Monopole Moduli Space 

In summary, for fixed value of a, and fixed magnetic charge g, there exists a one- 
to-one correspondence between solutions to (1) describing purely magnetic configu- 
rations and solutions to (^) and (|^) describing 1/4-BPS dyons. However, the electric 
charge, and therefore the mass, of the 1/4-BPS dyon configurations remains undeter- 
mined. In general, these quantities are given by a function over M.^. One method 
to determine this function is to explicitly solve equation (^), at least to lowest order 
in the radial spatial coordinate, r. The two equations Bi = Vib and Ei = Via en- 
sure the asymptotic behaviour of b and a encodes the magnetic and electric charges 
respectively, 

b = b-H-g-H/47rr + 0(l/r2) 

a = a ■ H - q ■ H/47rr + 0(l/r2) (9) 

For general monopole configurations, determining even the asymptotic form of a is 
difficult. However, there exists a simple formal expression for both quantities in terms 
of the monopole moduli space metric (0). We start with the electric contribution to 
the mass, 

a ■ q = Tt f Sx di (aEi) = Tr /" d^x di {aVio) 

= Tijd^x [{Via^ - e^[a,b]^) (10) 

where we have used the equation of motion (|^). As in the previous section, we can 
make progress by considering the subset of zero modes of the Bogomol'nyi equation 
that arise from large gauge transformations and the corresponding Killing vectors on 
A^g. Denote as e ■ K^ the components of the Killing vector on Alg that is gener- 
ated by the gauge transformation (^ that asymptotes to e • H. Consider then the 
transformation with gauge parameter e = a, which is a zero mode courtesy of (^). 
Expanding in a basis of tangent vectors, we have, 

5g.t. A = V,a = (a ■ KP)6pA, 
Sg.t.b = —ie[b, a] = (a ■ K^)(5p6 



which, after substitution into (|T0|) above, gives the promised expression for the electric 
contribution to the mass of the 1/4-BPS dyon as the norm squared of a Kilhng vector 
on TWg, 

a-q = (7p,(a-KP)(a-K«) (11) 

This potential was first derived in the context of three-dimensional constrained in- 
stantons in [|I^. The Killing vector a ■ K^ is tri-holomorphic and curiously a sigma 
model with such a potential is of the form required to realise up to eight supercharges 



16]. However, as is discussed in the final section, this model cannot be relevant to 
the low-energy dynamics of 1/4-BPS states as it would result in a time dependent 
electric charge, q. 

Finally, the expression for the electric charge may be derived in a similar manner. 
Repeating the manoeuvres that led to (^), we have, 

e-q = Tr /d^x (VieV.a - e^[e,b][a,b]) (12) 

for arbitrary vector e. Once again expanding in tangent vectors, we find 

q = ^p,(a-KP)K«. 

An Example: The (1,1) SU(3) Dyon 

A simple, but trivial, use of the potential ([TT|) is in describing 1/2-BPS dyons, even 
for SU{2) gauge group. In this case, the potential is constant over the moduli space 
and can be easily shown to be equal to the mass difference between the monopole 
and dyon. 

The simplest non-trivial application of the potential is in the description of 1/4- 
BPS configurations in an SU{3) gauge group. The VEV b selects two simple roots, 
labeled ex and f3. Monopole configurations with magnetic charge g = (47r/e)Q;* or 
g = [4:71 /e)(3* are known as "fundamental". Both sectors have 4 zero modes and 
monopole mass given by mi = (47r/e)b ■ ex* and m2 = (47r/e)b ■ f3*. The potential on 
the monopole moduli space is always a constant and the resulting electric charge of 
any dyon is necessarily proportional to the magnetic charge. 

In order to construct a 1/4-BPS configuration, we must consider the magnetic 
charge charge sector g = {4:7i/e){ex* + f3*). Purely magnetic solutions to (ffl) have 



mass mi + m,2 and an eight-dimensional moduli space generically of the form [|T^, |T8 

The R^ X R factor is parametrised by collective coordinates x, corresponding to 
spatial translations, and x corresponding to a global gauge transformation. The 



corresponding metric is flat, 

1 

■nil + ^^2 



ds//at = ("^1 + m2)dx'^ + — — ^-;:-dx^ 



The factor Mtn is Taub-Nut space and can be tliouglit of as describing tlie relative 
separation, r, and relative phase z/^ of a pair of distinct fundamental monopoles. The 
metric on this space is given by, 

d4.= fl + '^"^^+"^^^ ldf+ ^7 + "^f fl+ '("^^ + "^^^ V\d^ + cos^d</>f 
Y mim2r J 4mfm2 \ mim2r J 

where ip has period Air, ensuring the metric has no singularity at the origin. The 
discrete identification Z acts as (x, '?/') = (x + 27r, ip + 47rm2/(mi + 7712))- If the ratio 
mi/m2 is rational, x becomes periodic and the R factor collapses to S^ . 

A natural basis of gauge transformations in the Cartan subalgebra is given by 

Qi-H = ^(2a + /3)-H ; Q2-H=^(a + 2/3)-H 

both of which are integer valued and between them generate the two Killing vector 
fields d/d^ and d/d^ on A^(i^i). The specific linear combination of charges which 
generate each isometry can be determined by an analysis of the low-energy dynamics 
of 1/2-BPS configurations and is given by [[l^, |l^, 

Qx = \ 5 Q'/' = o (Qi ~ Q2) 

mi+ m2 2 

Notice that these two isometrics of A^g are not generated by orthogonal gauge trans- 
formations, a fact related to the non-compactness of the R factor of A^(i^i). We are 
now in a position to determine the electric charge of the 1/4-BPS dyon solutions. 
Decomposing a in terms of the two generators above gives 

a = — a ■ g Q^ + a ■ a - /3 —a ■ g Q^ 

l-K \ nil + m2 2tt / 

which, when substituted in (|ll|), gives the electric contribution to the mass of the 
1/4-BPS dyon configuration as 

a-q = ^xx^(a-g) + ,,, (^a ■ (« - /3) - — ^— -(a ■ g, 

e / mi - m2 e 

+t/x^- a • g a • a - /3 ■ —a • g^ 

TT V mi -|- m2 2tt 

e (a-g)2 (mi-hm2)r / mi - m2 e ^^ 

+ : n^ a ■ (a - /3) ■ — (a ■ g) 



2tt (b ■ g) mi -|- m2 + 2mim,2r V mi + m2 2tt 

6 



The electric charge of the configuration is now simply determined given the two non- 
parallel components a ■ q and b • q = a ■ g. After a little algebra we find, 

The first term is common to all dyons, including those preserving 1/2 supersymmetry. 
The second term is non-zero only for 1/4-BPS dyons where Aq, an order parameter 
for the breaking of the extra supersymmetry generators, is explicitly given by. 



|b| (mi+m2)r / ^^ "^i - "^2 e , 

|a| |b| — (a ■ b) mi + m2 + 2mim2r \ mi + m2 2n 



2 



A{m1 + 1712 + mLim2, 



r 



- (13) 

[mi + m.2){m,i + m2 + 2mim2r) 

This expression for the electric charge of a (1, 1) dyon as a function on the monopole 
moduli space was also obtained by Lee and Yi [jll| (see equation (3.11) of this refer- 
ence) using a different technique. 

Although we have determined the potential only in the simple case of the (1, 1) 
dyon, several features will persist for general magnetic charges. From (|T^) , we see 
that at the point r = of A4(i,i) the electric charge is proportional to the magnetic 
charge and the dyon preserves 1/2 of the supersymmetries. A similar situation occurs 
for any configuration with g = {A'K/e)kcx.* for some root a and integer k. The relevant 
monopole moduli spaces contain the SU{2) monopole moduli spaces of charge k as 
a submanifold of fixed points of the relative U{1) isometrics. The corresponding 
configurations are simply the usual 1/2-BPS dyons that exist for complex Higgs fields 
P^m . For g not proportional to a root, the isometrics have no fixed points and there are 
no 1/2-BPS solutions. As r ^ 00, Aq approaches a limiting value. The asymptotic 
forms of all monopole moduli spaces are known [ED] and such behaviour is generic 



and is related to the instablity of the string network ||TT . 



Normalisable Zero Modes 

In this final section, we comment on the dynamics of the classical 1/4-BPS configura- 
tions which, at low-energies, should be describable in a moduli space approximation. 
Locally, the moduli space of 1/4-BPS dyon solutions of magnetic charge g is given by 
5*^ X M.g, where the S^ factor refers to the a parameter introduced in (|1|). The VEV 
b, and therefore the metric on Aig, varies with a. Moreover, at specific points b may 
cross the wall of a Weyl chamber and the dimension of Ai^ will change discontinously. 
Naively, one expects the low-energy motion to be restricted to surfaces of constant 
electric charge on TWg. To see how this arises, consider the natural metric describing 
1/4-BPS dyon dynamics. 



gpq = Tr / d^x {6pAi 6qAi + 6pb 6qP + 6pa dqO) 



which differs from the usual monopole metric (|^) by the addition of the overlap of 
zero modes of a satisfying, 

V^5pa — e^[6, [6, 5pa\] = 2ie {[5pAi, Via] — ie[5pb, [6, a]]) 

From the asymptotic form of the scalar fields (|^), we see that any zero mode of 
a which induces a change in the either the VEV, a, or the electric charge, q, is 
non-normalisable and the component of the metric cjpq in this direction diverges. As 
expected therefore, motion on the moduli space of solutions is restricted to surfaces of 
constant a and q and the number of normalisable bosonic zero modes is equal to the 
dimension of surfaces of constant electric charge. This is simple to determine given 
the expressions for q derived previously. For each of the h abelian gauge symmetries 
broken by the dyon configuration, there exists a function e • q on the monopole moduli 
space (|T2|). With the exception of b-q = a-g, all of these functions vary independently 
over M.^. The surface of constant electric charge is therefore given by the intersection 
oi h — 1 level surfaces and generically describes a submanifold of A^g of dimension 



m — h + 1. This result was also derived in [13| using similar methods. These authors 



further determine the number of fermionic zero modes to be given by 27n — 4/i + 4. 

In the example of the (1, 1) dyon considered in the previous section, m = 8 and 
h = 2 and the number of bosonic and fermionic zero modes is 7 and 12 respectively. 
In this case the latter are all generated by broken supersymmetry transformations 
while the former consist of all collective coordinates on A^(i,i) with the exception of 
the relative separation, r. The appearance of an odd number of bosonic zero modes 
however should give us pause. On general grounds, one would expect the low-energy 
effective action describing dyon motion to reflect the four supercharges preserved 
by the classical configurations. Such a sigma model requires a Kahler target space. 
The number of normalisable zero modes derived above therefore appears to be in 
contradiction with the dictates of supersymmetry. Further, without a supersymmetric 
effective action, it is unclear how semi-classical quantisation could produce the correct 
multiplet struture of 1/4-BPS states. Clearly a resolution of these issues is required 
before further progress in determining the full BPS spectrum of A/" = 4 gauge theories 
can be made. 
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